e iy Formation of Partial pjgy .
, Or . | e —
won 1. When a differentia| equation cq r

i Ntaing
swn function 'of tWO or more Variables (inde 0:3 Of more
~ntial Equation, : Pendent) : ¢,
ere .

{1 We consider, generally x ang :
(I as '
}1}- andles 56 dependant SitixBl ,_.e"J; =f(1:dye)pendent variables (in case of two
i e denote partial derivatjyec . Wi
G W ’ 2p ! Crivatives of first and higher orders as
pz 0z 0°z 0°z 9%z
;‘ ,@}!axz !@’2 )ax @)
or which symbols p, g, », l,s respectively will be useq
oz oz azz ; 02 2,
e, —=p, —= Qa‘—? =r,'——E—=S,-a——z-= t
o Ty gy Oxdy 2 .
itition (2) :— The order of a partial differentia| equation is defin
st partial derivative occuring in it and the degree is defined
st order partial derivative. | - ’
Efivition (3) :— A .partial differential equation is said to be Linear if th
iable and its partial derivatives occur only in first degree and are n
gether in the differential equation. Otherwi
& Equation) differential equation. ..
& o

. EXAMPLES

S 5; =2z +sin (x—2y) ;'order% 1, degree =1 and it is Linear.

partial derivatives of an
€n 1t is called a Partial

in this topic

ed as the order of the
as the exponent of the

e dependent

re not multiplied
se the equation is called Non-linear (Not

i % tyz & 3 xv)"l;"bl"dgr' = dy dééréé =—‘_1 and it is non-.linefar.

(’?2 ~7%) -gi— +.y g (24 =—3x y ;'quer =1, degree = 1 an-d it is p_on-linear.

5 622 ‘ azz - 622‘

S-—+32% =9; order =2, degree = 1 and 1t_1s linear -
% o

| . Er= . = -linear.
z_é-_+5‘“=2y  order = 1, degree = 1 and it is non-lin !

N
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h
8% 20 & _ ) ;Onder=2, degree = 1 and it is lineg,
ﬁ. " “—-:;J’ .“ -.-.2— = (1‘. (h,
P v i 4
2 e oo
. o (f’: ]“4. \_::'1. : Order = 1, degree = 2 and it is lmn.“ncar
' ox

partial Differential Equation

Art-2. To Form 2
vo ways for derivation of partial differential equatiop

In general, there are v

By eliminating arbitrary constants' from the given relatig, b
' Wy

(/)
variables.
(i) By eliminating arbitrary functions from the given relatioy bety
variables. o
Art-3. To Form a partial differential Equation by elimination of arbitrary Congy
Consider z be function of two independent variables x and y, defined as '
f@,pzab)=0 N

where a and b are arbitrary constants.
Differentiating (i) partially w.rt.x,
oA 6f?f.—=0 r 9. 6f_0

e or —+p—= : '
we get o 2o B P oz | . " i
Also Differentiating (7) partially w.r.t. y, .
‘ ) : 8 iy P
we get @i»f—ai = =0 or iai+ q—i =0 , i
oz Oy {2, PRy s S P ‘ ;

Now eliminate a, b from (i), (if), (iii)
~we get an equation, say of the form’

S g aprgy=0 ok ,

which is required partial differential equation of order one.
Note. (i) If there are more arbitrary constants than the number of independent vari'abie;
" then the elimination of constants usually shall give rise to.a partial differential equation®
higher order than one. . ' e B :

(i) If there are less arbitrary constants than the number of indepen
then the elimination of constants usually shall give rise to more then one differe
~equations of first order. i '

dent variables
tid

‘For example If z=x+by

Zi==

Then differential equations are g = and p=1: -

. ol | '
(iif) If the number of arbitrary constants is equal to the number of mdep?“de.“,

. . . . e ]a
. variables, then the elimination of constants usually shall -give rise to oné differe™
equation of first order. ' '
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anp ; 1al -
Nfollmving relations. “Quations py, eliminatj
ati :
¥ 0 = @x+a)2y+ b) 18 arbitrary constants from
' i) 2=+
gy maxtbyrab Dz=axipyiasp
) z= 1 '
@ 1=ax+C-ay+s g W iy
1, 5 i) z=gx+ 221 p2
(vil) .z=;(a"x+}’—b) e

) (iil) z=ax '+ L 2 2 14
ol 0 We are given z= Rx+a)(2 y+b) 2
pifferentiate partially w.r.t. x and w.rt y ' | )

Oz
we get 5}_: 2y +b)(2+0)
| - " (i)
0z : _
md —=Cx+a)2+0 _
dy Yo} Wi, L
Multiply (if) by (iii), we get S

R AL,

> pg=4z s B ot (Using (1))
which is required partial differentiation equation. _ |
(i) We are given z:ax+by_+a'3+b3 ' y e ()

Differentiate partially w.r.t.x and w.r.t.y

Put these values of aland b in (i)

3 N\ W S o
oz Oz [F)z] +(£‘L) or :.=px+qy+p3q

= i — | —
weget z=Xx - + ¥ 2 o oy

which is required partial differential equation | on
-v.-:ax%‘by'{'ab . .

(iiiy We are given z

Differentiate partially w.I-tX and w.rty
0z 0z _
weget 02 =gand —=D
. Ox oy

Put these values of @ and bIn ()

oz oz, g)(g_}
A FES ”5)-'—+ y ay OX a

or z=xptyqtprd

‘“l'd 1

’ = " rCl
which is required
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BRILLIANT DIFFERENy,

1, .3
== .-]-al‘s +-5by

(iv) We are given z

. . Ly
Differentiate partially w.rt. ¥ and wiL.J

2 = Z— an
= p:arx2 and g=by sl & yz

Put these values of @ and b in (/)

_1(p)s3, 143
WCgclz—-?’—(;—z—Jx +3(y2}y

= 3z=px+qywhichis requifed partial differential equation

(v) Weare given z=ax+(2-a)y+h
Differentiate partially w.r.t. x and w.r.t.y

0Oz ' oz
we get — =gand — =2-a
g PV ien ,
Eliminating a, we get
& ® e Log W pegell VL n

dy ox Ox |
which is required partial differential equation.
(vi) We are given z=ax+(a*y* + 5% .

Differentiate partially w.r.t. x and w.r.t.y

5‘2_ aZ_ 2 ; '
wegeté;fa and gy——Zay =p=a§nd q=2?%y

. Eliminating a, we get
q=2p’y or g=2yp*
which is required partial differentjal equation.

(vii) We are given z= - (*x +y—b)

zZ=agx+ ly—é
s a s

Differentiate partially w.r.t, x and w.r t' ¥

we get @=aand fs_z:l :
ox ¥ a
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HF:\RTI‘\
 p=aandg= —
> P a

. o < I )
limmatmg a,weget g=_ ..
E P -

which is reqmred partlal differentia] equauon

1
iven z =
(Vm')Weareg qxe + 3 a* e2‘+b

Differentiate partially w.r.t. x and Wt y
Oz

-(-3—- ae and I 2y
Weget al —a;— Ea (2@ )+a\_ey

> p=a ¢ and g=ae® +yx (ae").
> p=ae o v

and g=(a &) +x (a ) .

Put p = a ¢’ from (¥) in (ji)

(D)
(0D

we get q p’+xp or q= px + p? whlch Is required partial dlﬁ" equation

Example 2. Find partial dlfferentlal equation’s by eliminating constants ‘ from the
fllowing relations

() z=dGery)#b (i) z=a e cos bx
| L . iy T b, o8
(i) z=a e"",ztsinbx' o (V) z=x_+v"_2
B e g hoa b
) z=ae’ cosby ' ‘wi) z=("+2a) (y2+2b) ‘
i) z=(P+a) P +b) - (vili) al+by+2=1

() (—ay+ (y—by+22 =+
® (+@?P = +ay+ B
%.() We are giveh z=a(x+y)+b

Differentiate w.r.t x and w.r.t.y _
0z 0z _ 0z

Weget %i-ma and -6—y-‘—Aa > 5;%5;"317 q
- Which is required differential equation -
(@) We are given z =a e“bzy cosbx | ¥ . «will)
Differentiate _partially WLt X and w.r.t‘. y | | |
We get g_z —a et (~bsinb) W)
x

N (il
ind '?iFa(-—bz) e'bzycosbx (i)
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" . . 5 ,t‘ X
Again differential (if) partially W-r

2 2
z -b*y bx
we get ————sz =g etV (~b)(beos ) .

From (iif) and (iv), we et

2, & (v RH,S§
13__2". = % _ ides are y
ox ,

quired partial differential eq.

or y = g which is re

(fify We are given
‘ 2
z=a e~V sinbx ]

Differential partially w.r.t. / and w.r.t.x

. )

weget Z=(a)(-1) e sinbx .
2. ' :

and -%xi —a et (b cos b x) il i

Again differentiate (iii) w.r.t x

62 B 2 . % = 2 .
we get ;3_5 =ae b (~bsinbx)= (a) -b) e bt sin b x ol
" _
From (i) and (iv), we get
02z _ 0Oz
P | : (*+ R.H. Sides are sam)
which is required partial differential eqhation
2 .2 : S
(iv) We are given z = %_}__y_' : o gl
a*  b? :
Differentiate partially w.r.t. x and w.r.t y‘
5 ,
we get §:=—;an oz _ 2y b BT i _ 1
A e e TAr

_ 1 ] -
Put o o550 S
values of 5 and —b2 in (i)

2
Weget z=2% +qy2
2% 2y

= 2z=px+tgqy

which is required partial differentia| equatio
n.
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l l)lf‘“““ﬂml""L ZQUATIONS oF g
A

ffrentlalpal‘tlaﬂywrt e dWrty
et 2 % gp e cosby
bz _  px et
d —=ae (- sin b y)
an oy |
oz
@ - _"Itanby
(i) 2
ox
; 5 O | o
krom (i) and (i) o =B >ty g or fe B
; ' z
put value of b in (iv) .
oz
we get —é—z_——'-—tan _p7y_ or % \tan P‘y ”
ax .

- which is required differential equation

OR | In above question, we have

Ox

Again Differentiate partially w.r.t.x
0%z o o
ox? Ox

. 9%z (7")
From these two relations, we get z 6x2 | oox

Which is also partial differential equation of (/)

In above question, we have

From (,,,) AR 0" *(~bsinby)
r')v
Again differentiate partially W-r-t- J
) hx b]
2 2 e - a e COS «
-Q-....E._ =g (lb X (-w h) h C’OS h." . b (
Dy?‘
» oz
——u—..';_ | 74 ,) b 4
l-}‘\-"'

T ORp ‘
We are glven o eb co b\ER\ .
Sy 453

..(if)

(i)

.'.' . (!V)

q-{—ptan ﬂ =

)=~ p* 2 (by (D)
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Art4, To Form a partlal dlfferentlal equatmn by eliminating arbitrary functions
8 Letuand v be two independent functlons of three variables x, y, z ; which are gw(e,;
by the relation f'(u, v) =0 .
1 Differentiating (i) w.r.t. X (taking y as COIlStanf). -

and w.r.t. y (taking x as constant)

_ . 3
we get ___af(au+6u aZJ f[ +a 6;) 7
Z
& 5 ov 5x

ox Oz ox
and ?i(_@_z{ _@g‘iJ+-§Vf—(—é}-+5§ 5)’}
- Oul\dy. Oz D)
' ov
% af(@i-rgﬁp]*%(’éfgd
ou\lox Oz | G
A, ov . |=0 -
. of [ & -—»q)
and .Q.[._ _‘?ﬂ+§f—g]+é%(ay+az
ou\dy Oz :
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.. Of [Ou 6::)
fro =—|—+7 -
) 611_[5‘.1' oz

of [ ou i 81:]
ou \ oy "o

On dividing (iv) by (v) we get

and

ok

BRILLIANT DlFFEnpNT,

Al, )
[l..‘]
N

:

A
"

U

ox oz

ou ou ov ov
—4+p— —+p—
8\ pa; - ox ; 2
o oo o
y 1% oy e "
Cross multiply, we get.
Ou oul(ov ov ov 61’) (au au]
—_—tp— || = +p—||—+g9—
(a\‘ _pGZJ(@V &J (6x Poe \ oy .62_
Ou v _ v ou +(§£Q’._2.a_uj _Oudy ovou
dy 0z Oy Oz Oz Ox Oz o« Ox 0y ox oy
= Pg+Qg=R (say) | | 0
o |
wherep=ﬂﬁ_ﬁg= o oz 0(u,v)
dy Oz
_Oudv wou |5 ael. 0w ,
and M SR L O 5 (7 ey
Q Oz &x 0Oz Ox ?Xﬁv_ 5] : | b )
: dz - Ox
. o
and oudv_ovou |ox ay|_ a(y,v)-
By &2 D o)
ox |

N N

equation (vr) is the required dlfferennal equatlon

l IILLUSTIRATIVE EXAMPLESl

Example 1. Form partial dlfferentlal equations b

the following relations
(D z=f(x+1y)
(ii)) 2=/~

jons
y ehmmatmg arbltrary funct

i) z=5 (Z}
X

M) z=7G3 4297
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7= yf(x)+xg(y)

()
sl 0 We are given Z =f(x +Ay

artlallywrt xandwrt ¥y

leferentlate (1) p
oz

s

we get
and
D1v1dmg (m') by (u), we ge

q=ip
which is required partlal

»

(i) We are given = f (i—]

Differentiate partially W.I-t

a2 6(2_)
Wi {t — = z || —
.ege Ox f(x][ax X

Dividing (i7) b'y..‘(:iii), we get

X
*

___P_,_______ or
q

Which is required p

)

—(f(x+/1y))(1+0) fix+Ay) |

Zo=y (x+ Ay) (© +l) lf(x+/1}’)

differential equation. -

xand w.r.t.y

'\

/

_oX
oz

—_—

ay

artial différential e

A

.z;_“'xy+f(x2+y2)

=f[-;-J+g(xy)

z=f(x+ay)+gx-ay)

N

() 2=()+xg ()

LD '

...

...(iiD)

= _q_-:l

...
___}_’_] R (1)
.xz 4

...(iii)

1
X
pr+ay=?

quation
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BR[LL]ANI UIFI‘LKENTIAL E

_ Differentiating partially w.rt xand wr.ty,

257
(iif) We are given 2~ = f(*-Y)

nd W
Differentiate partially W- rt.xa

0z _ ' x
we get ary /

r.t.y
2 AN

2_ )2 —-—-(x *}’)
) % |

% 2)=.;2yf’(x2‘y2) i

0
' ¥y —& -y
and 5y o flt Y
Dividing (i7) by (iii), we get |
x - oz Oz oz
o ,—2 f(x *y"‘) o | |
which is required partial different?al equation.
(iv) we are given z=f o*+2)y) |
we get

az___,.z_l_'irz_a_xz_i_z )
ax f(x z‘y)ﬁx(‘ &
—2xf @A) R
- Oz 2 2 O 2 . N5 - 7
and  Z =1 +2)) — (+2))
, Oy g
=ayf ()
On dividing (#i) by (iii), we get
oz

o 2xf(x +3%) _
9{ 4J’f‘(x +y) 2y
oy

Cross-Multiply

Wthh 1s required partial dlfferentlal equation.
(v) We are given z=x+y +f(xy)

Differentiating partlally () w.rt. x and wort, y we. get
0z
P (xy) % &9

= P=L+pf (xy)

6‘-
At by—_l ) a(xy)

(i
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1, DIFF ERENTIAL EQuATIoNg ) -
2 1= ! +xf (XN

: 4

o pom ("') pP- 1=yf (x ») 69

nd From (iti) gq=1 =355 (i)
(i)
by ) weget £=1_ ¥ e
pivide (V) g—1 3 CTOSS multipyy (v)
§ cwtxp-x=ay-y
T Al Wh]ch IS required partia| differentia)
(,,,') We are given Quation
z=xy+1° +y?) |
Differentiate partially w.r.t x and w.r.t y ()
a..
wgt Sy 6 +y)—~(x +3?)
> . p-y=2xf X+’ i

2 %-Hf o+ ay(x2+y2)

=x+f GF ) 0+2))
> g-x=f" (x2+y2)(2y) o g i)
On d1v1d1ng (#1) by (i), we ‘get |

_? —y _ 2xf(x ) _
;I g-x 2y [ +y).
i

. Cross-multiply
> yp-y=x(@-x T Py 9" iR

Which is required differential equation.

(vi) We are given ' | : o E (D)
z=fx)+ &' g®) | |
leferennate partially w.r.t. and w.r.t.y ¢ B ' o Tosfif
53 = +e' g'(x) :
;B =l | (i)
ad 2 =0+'g )
@, .
. Differentiate (jif) w.r-t.» ] i " ()

Q%Z.:e”g(x)
oy
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sf" DIFFE AL EQuy TIONg OF |
f (w) and (vii),we get . ER

F ol & & F >
hch 18 feqmred pal't]al dlfft‘,reml Lo

( )we are gwen z=¢gh f(\ ~y)
pifferentiate () W.r.t.x and wr |,

oz v . N ()]
gt 5 = -y

0z o, " (i)
o 5 kESEN e g '

.‘ put values from (l) and (”) in (lll) (i)
0z 8z

R qeoet — =kz— —
Weg o T

471

quali()n

2 . = k z which i
—_—t—=KZ IC
" = is required partial differential equation,

(x) We are given
:=f(x+ay)+g(x—ay) 0
Differentiate (7) w.r.t. x and w.r.t. y ‘ .

we get —g§=f’ (x+ay) (I+0)+g (x-ay)(l-0)
: lo74 ; " P ‘ |
- E o prapg o i)

-~

5 gf =f'x+ay) 0+ a)+g (x-ay) 0-a)

g %=a(f'(x+ ay)-g (x—ay) - ... (i)
Furtther Differentiate (i) w.rtxand (i) w.rty
2
i WEget .a___ ._fu (x+ ay) (I +0)+gu (x_ay)(] _»0)
ax ...(v)
=" (x+ay)+g’ x—ay)
wm 2z =a(f”(x+ay)(0+a)-—g”(x".’y)(o—a)) |
& _ g
K | P 5%z : (using (iv))
=@ (S +ay) g G-V 52
3 62 az 62 o
ayl

. . ion
Which i required partial differential equatlo
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